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Abstract
The problem of finding mechanical and electrical fields in a homogeneous piezoelectric plate supported by a thin wedged-
shaped cover plate is considered. Using the methods of the theory of analytic functions, the problem is reduced to a system of
singular integro-differential equations. With the help of integral transformation, the exact solution of the posed by us problem is
obtained.
c⃝ 2016 Published by Elsevier B.V. on behalf of Ivane Javakhishvili Tbilisi State University. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Earlier we have considered the problems of finding mechanical and electrical fields in a piezoelectric medium (a
crystal of hexagonal system 6 mm, polarized ceramics), weakened by tunnel rectilinear [1–3] and curvilinear cuts
[4,5]. Various boundary value problems of destruction mechanics for a piezoelectric medium have been considered in
the monograph [6].
In the present paper we consider a homogeneous unbounded piezoelectric plate (a crystal of hexagonal system
6 mm) in the conditions of plane deformation. The plate is supported by a finite inclusion which is under the action
of tangential strain of intensity τ0(x). As for the inclusion having the form of a weakly-curved cover plate of small
thickness, we assume that it is rigidly linked with a plate, stretches or shrinks like a rod, lying in a uniaxial stressed
state. We adopt the condition of compatibility of horizontal deformations in the inclusion and in elastic homogeneous
solid plate loaded with tangential stresses.
The problem is to find jumps of tangential τ(x) and normal p(x) contact stresses along the contact line and to
establish their behavior in the neighborhood of cover plate ends. The problem is formulated as follows: Let an elastic
body S occupy the plane of a complex variable z = x + iy which along the segment ℓ = (0, 1) contains an elastic
inclusion with the modulus of elasticity E0(x), of thickness h0(x) and with the Poisson coefficient ν0. External force
τ0(x) is the function, integrable on the segment ℓ = [0, 1].
The boundary values of functions on the upper and lower ends of the inclusion will be denoted by the indices “+”
and “−”, respectively.
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On the segment ℓ, we have the following conditions:
du0(x)
dx
= 1
E(x)
 x
0

τ(t)− τ0(t)

dt, x ∈ ℓ,
dν0(x)
dx
= 0, E(x) = E0(x) h0(x)
1− ν20
,
(1)
where u0(x) and ν0(x) are horizontal and vertical displacements of the inclusion points, and the condition of
equilibrium of the inclusion is of the form 1
0

τ(t)− τ0(t)

dt = 0.
As is known, in the conditions of plane deformation of the piezoelectric medium in the plane xoy, the system of
resolving equations with respect to the stress function ϕ1 and electric field potential ϕ2 has the form [6]:
ℓ11 ϕ1 + ℓ12 ϕ2 = 0, ℓ21 ϕ1 + ℓ22 ϕ2 = 0, (2)
where
ℓ11 = a10 ∂41 + a12 ∂21 ∂22 + a14 ∂42 , ∂1 =
∂
∂x
, ∂2 = ∂
∂y
,
ℓ12 = ℓ21 = a21 ∂21 ∂2 + a23 ∂32 , ℓ22 = a20 ∂21 + a22 ∂22 ,
a10 = s33 − s213 s−111 , a12 = s44 + 2s13(1− s12 s−111 ),
a14 = s11 − s212 s−111 , a21 = s13 d13 s−111 − d33 + d15,
a23 = d13(s12 s−111 − 1), a20 = ε11, a22 = ε33 − d213 s−111 ,
snk, dnk, εnk are, respectively, elastic pliability, piezoelectric modules and dielectric constants appearing in the
equations of medium state.
A general solution of system (2) has the form
ϕ1 = 2 Re
3
k=1
γk

Φk(zk)dzk, ϕ2 = −2 Re
3
k=1
λkΦk(zk),
zk = x + µk y, µ3+k = µk, γk = a20 + a22 µ2k, λk = a21 µk + a23 µ3k,
(3)
µk (k = 1, 2, 3) are the roots of the corresponding characteristic equation (Imµk ≠ 0).
c0 µ
6 + c1 µ4 + c2 µ2 + c3 = 0,
where
c0 = a14 a22 − a223, c1 = a12 a22 + a14 a20 − 2a21 a23,
c2 = a10 a22 + a12 a20 − a21, c3 = a10 a20.
Using equations of the state and formulas (3), we find expressions for stresses, displacements, electric field strength
and electric induction components in the medium
σx = 2 Re
3
k=1
γk µ
2
k Φ
′
k(zk), σy = 2 Re
3
k=1
γk Φ′k(zk),
σxy = −2 Re
3
k=1
γk µk Φ′k(zk), u = 2 Re
3
k=1
pk Φk(zk),
ν = 2 Re
3
k=1
qk Φk(zk), Ex = 2 Re
3
k=1
λk Φ′k(zk),
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Ey = 2 Re
3
k=1
λk µk Φ′k(zk), Dx = 2 Re
3
k=1
rk µk Φ′k(zk),
Dy = −Re
3
k=1
rk Φ′k(zk),
pk = a14 γk µ2k + 1/2(a12 − s44)γk − a23 λk µk,
qk = 1/2(a12 − s44)γk µk + a10 γk µ−1k − (a21 − d15)λk,
rk = a20 λk µ−1k − d15 γk .
The boundary values at the edges of the inclusion are of the form
σ+y − σ−y = p(x), σ+xy − σ−xy = τ(x),∂u
∂x
+ − ∂u
∂x
− = 0, ∂ν
∂x
+ − ∂ν
∂x
− = 0,
E+x (x) = E−x (x), D+y (x) = D−y (x), 0 < x < 1.
Introducing the notations Hk(x) = [Φ′k(x)]+ − [Φ′k(x)]− (k = 1, 2, 3), we can express them through the newly
introduced analytic functions
Re
3
k=1
rk Hk(x) = 0, Re
3
k=1
γk Hk(x) = p(x)2 , Re
3
k=1
pk Hk(x) = 0, (4a)
Re
3
k=1
γk µk Hk(x) = −τ(x)2 , Re
3
k=1
λk Hk(x) = 0, Re
3
k=1
qk Hk(x) = 0. (4b)
Assume µk = iβk (i =
√−1, βk > 0), then the first from the last systems (4a) with the real coefficients can be
rewritten as
3
k=1
rk Re Hk(x) = 0,
3
k=1
γk Re Hk(x) = p(x)2 ,
3
k=1
pk Re Hk(x) = 0. (5)
If the corresponding determinant
∆ =

r1 r2 r3
γ1 γ2 γ3
p1 p2 p3
 ≠ 0,
then a solution of system (5) has the form
Re Hk(x) =
∆k
2∆
p(x), k = 1, 2, 3, ∆k = A2k,
A2k are the corresponding cofactors.
Then the second system (4b) with the real coefficients takes the form
3
k=1
i γk µk Im Hk(x) = −τ(x)2 ,
3
k=1
i λk Im Hk(x) = 0,
3
k=1
i qk Im Hk(x) = 0.
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Having solved this system, we arrive at the problem of linear conjugation

Φ′k(x)
+ − Φ′k(x)− = ∆k2∆ p(x)− ∆k2∆0 i τ(x), k = 1, 2, 3, (6)
where
∆0 =

i γ1 µ1 i γ2 µ2 i γ3 µ3
i λ1 i λ2 i λ3
i q1 i q2 i q3
 ≠ 0, ∆k ≡ B1k,
B1k are the corresponding cofactors.
In view of the fact that for x > 1, τ(x) = 0, p(x) = 0, a general solution of problem (6) is represented in the form
Φ′k(zk) =
∆k
4π i ∆
 1
0
p(t)dt
t − zk −
∆k
4π ∆0
 1
0
τ(t)dt
t − zk , zk ∈ S.
From the condition of equality of deformations of elastic planes on the segment occupied by the inclusion and
those of inclusion sides described by Eqs. (1), we obtain the following system of integral differential equations:
ω1
 1
0
ϕ′(t)dt
t − x + ω2
 1
0
p(t)dt
t − x =
π ϕ(x)
2E(x)
+ π
2E(x)
f0(x),
ω3
 1
0
ϕ′(t)dt
t − x + ω4
 1
0
p(t)dt
t − x = 0, 0 < x < 1,
(7)
where
ϕ(x) =
 x
0
τ(t)dt, f0(x) = −
 x
0
τ0(t)dt, ϕ(1) =
 1
0
τ0(t)dt ≡ T0,
ω1 =
3
k=1
pk ∆k
∆0
, ω2 =
3
k=1
pk ∆k
∆
, ω3 =
3
k=1
qk ∆k
∆0
, ω4 =
3
k=1
qk ∆k
∆
.
We seek for a solution ϕ(x) of system (7) in the class of functions H satisfying Ho¨lder’s condition on the segment
[0, 1], while the derivative of the function ϕ(x) and the function p(x) may belong to the class H∗ [7].
The system of integral equations (7) reduces to the integral differential equation with respect to the function ϕ(t).
If the inclusion rigidity varies according to the linear low, i.e., E(x) = h x , x ∈ (0, 1), then performing substitution
t = eζ , x = eξ and applying the generalized Fourier transformation [8–10], we arrive at the Riemann’s problem
Ψ+(s) = G(s)Φ−(s)+ g(s), −∞ < s <∞, (8)
where
G(s) = s cthπs − ω,
Φ−(s) = 1√
2π
 0
−∞
ϕ(eζ ) eisζdζ, g(s) = i T0(cthπs)− + g1(s),
Ψ+(s) = − 1
π
 0
−∞
ψ(eζ ) eζ(1+is)dζ, g1(s) = ω
 0
−∞
f0(e
ξ ) eξ(1+is)dξ,
ψ(ξ) =

0, ξ < 0,
− 1√
2π
 ∞
−∞
ϕ′(eζ )dζ
1− e−(ξ−ζ ) , ξ > 0,
ω = ω4
2h(ω1 ω4 − ω2 ω3) .
The function g1(s) = O(s−1), as s →−∞.
The functions Ψ+(s) and Φ−(s) represent, by virtue of their definition, the limiting values of functions,
holomorphic in the upper and lower half-planes, respectively.
The lower index “-” denotes that for s = 0, the generalized function should be understood in the known sense [10].
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The function G(s) has at infinity the first order discontinuity, sinceG(∞) = −G(−∞) = 1, G(s) = s cthπs.
Then condition (8) can be represented in the form
Ψ+(s)√
s + i =
G(s)√
1+ s2 Φ
−(s)
√
s − i + g(s)√
s + i . (9)
Under
√
z + i and √z − i we mean the branches, analytical, respectively, in the planes with cuts along the rays
drawn from the points z = −i and z = i to x which get, respectively, positive and negative values on the upper side of
the cut. The function
√
1+ z2 for such a choice of branches is analytic in the strip −1 < Im z < 1 and takes positive
value on the real axis.
Thus, the above-posed problem can be formulated as follows: Find both the function Ψ+(z), holomorphic in the
half-plane Im z > 0 and vanishing at infinity, and the function Φ−(z), holomorphic in the half-plane Im z < 1, except
the points which are the roots of the function G(z), vanishing at infinity and satisfying the condition (9).
Introducing the notation G0(s) = G(s)(1 + s2)1/2, we can show that Re G0(t) > 0 and G0(∞) = G0(−∞) = 1,
therefore Ind G0(t) = 0.
A solution of problem (9) has the form
Φ−(z) =
X(z)√
z − i , Im z ≤ 0; Ψ
+(z) = X(z)√z + i, Im z > 0,
Φ−(z) = Ψ+(z)− g(z)G−1(z), 0 < Im z < 1,
where
X(z) = X (z)− 1
2π
 ∞
−∞
g(t)dt
X+(t)
√
t + i (t − z)

,
X (z) = exp

1
2π i
 ∞
−∞
ln G0(t)dt
t − z

.
We can show that Φ−(s + i 0) = Φ−(s − i 0) and, hence, the function Φ−(z) is holomorphic in the half-plane
Im z < 1, except the points which are zeros of the function G(z) in the strip 0 < Im z < 1.
The boundary value of the function K (z) = T0 − i zΦ−(z) is the Fourier transform of the function ϕ′(eξ ). We
have
K (z) = T0 + z X (z)
π
√
z − i
 ∞
−∞
g(t)dt
X+(t)
√
t + i (t − z)
= T0 − i T0 z X (z)
π
√
z − i
 0
−∞
cthπ t dt
X+(t)
√
t + i (t − z)
− X (z)
2π
√
z − i
 ∞
−∞
g1(t)dt
X+(t)
√
t + i +
X (z)
2π
√
z − i
 ∞
−∞
t g1(t)dt
X+(t)
√
t + i (t − z)
= T0 + C√
z − i +
C(X (z)− X (∞))√
z − i +
X (z)
2π
√
z − i
 ∞
−∞
t g1(t)dt
X+(t)
√
t + i (t − z)
− i T0 z X (z)
π
√
z − i
 0
−∞
cthπ t dt
X+(t)
√
t + i (t − z) ,
where
C = − 1
2π
 ∞
−∞
g1(t)dt
X+(t)
√
t + i .
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Let us study the behavior of the function
K0(z) = i T0 z X (z)
π
√
z − i
 0
−∞
cthπ t dt
X+(t)
√
t + i (t − z)
at infinity.
The change of variables z = − 1
ξ
and t = − 1t0 provides us with
K ∗0 (ξ) =
T0 X∗(ξ)
√
ξ
π i
√
1+ i ξ
 ∞
0
cth πt0 dt0
X+∗(t0)
√
1− i t0 √t0 (t0 − ξ) ,
where
K ∗0 (ξ) = K0

−1
ξ

, X∗(ξ) = X

−1
ξ

.
Applying N. Muskhelishvili’s formulas [7] in the neighborhood of the point ξ = 0, we obtain
K ∗0 (ξ) = T0 + o(1).
Respectively, the function K (z) vanishes at infinity and its boundary value K−(s) = C√
s−i + K−0 (s) is the Fourier
transformation of the function ϕ′(eξ ). In addition, K −0 (s) is the Fourier transformation of the function which is
continuous on the half-axis x ≤ 0, except may be the point s = 0 at which it may have logarithmic singularity. The
inverse Fourier transformation results in the expression for the unknown function
τ(x) = ϕ′(x) = 1√
2π x
 ∞
−∞
K−(t) e−i t ln x dt. (10)
Its behavior in the neighborhood of the point x = 1 has the form
ϕ′(x) = O1/√1− x, x → 1− . (11)
Let us study now the behavior of the function τ(x) in the neighborhood of the point z = 0. The poles of the
function K−(z) in the domain D0 = {z : 0 < Im z < 1} may be zeros of the function G(z).
Suppose that z0 = x0+i τ0 is a simple zero of the function G(z)with the smallest imaginary part in the domain D0.
Then, applying to the function e−iξ z K−(z) the Cauchy residue theorem for the rectangle D(N ) (z0 ∈ D(N )) with the
boundary L(N ) consisting of the segments [−N , N ], [N+i 0, N+i β0], [N+i β0,−N+i β0], [−N+i β0,−N+i 0]
(τ0 < β0 < τ
1
0 ), (G0(x1 + iτ ′0) = 0), we obtain
L(N )
K−(t) e−i tξdt =
 N
−N
K−(t) e−i tξdt − eβ0ξ
 N
−N
K−(t + i β0) e−i tξdt + ρ(N , ξ) = K1 eξ(τ0−i x0),
where ρ(N , ξ)→ 0, as N →∞. Passing to the limit and getting back to the above variables, we obtain
τ(x) = ϕ′(x) = O(xτ0−1−i x0), x → 0+ . (12)
Thus the following theorem is proved.
Theorem. The solution of the integral differential equation with respect to the function ϕ(x) obtained from
system (7) is representable explicitly by formula (10) and satisfies the estimates (11)–(12).
It can be shown that if the function G(z) has no simple zeros in the domain D0, and if z = i is a simple pole of the
function Φ−(z), then the contact stresses are bounded in the neighborhood of zero, but if z = i is the second order
pole of the function Φ−(z), then the stress will have logarithmic singularity in the neighborhood of zero.
Remark. The normal contact stress (the function p(x) ∈ H∗) can be defined from the second equation of system (7).
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